Abstract. A one-dimensional lattice of SIR (susceptible/infected/removed) epidemic centres is considered numerically and analytically. The limiting solutions describing the behaviour of the standard SIR model with a small number of initially infected individuals are derived, and expressions found for the duration of an outbreak. We study a model for a weakly mixed population distributed between the interacting centres. The centres are modelled as SIR nodes with interaction between sites determined by a diffusion-type migration process. Under the assumption of fast migration, a one-dimensional lattice of SIR nodes is studied numerically with deterministic and random coupling, and travelling wave-like solutions are found in both cases. For weak coupling, the main part of the travelling wave is well approximated by the limiting SIR solution. Explicit formulae are found for the speed of the travelling waves and compared with results of numerical simulation. Approximate formulae for the epidemic propagation speed are also derived when coupling coefficients are randomly distributed, they allow us to estimate how the average speed in random media is slowed down.
Introduction
Mathematical models have been long used to study the epidemiology of a wide range of infectious diseases [1] . The classical SIR (susceptible/infected/removed) model is one of the cornerstones of mathematical epidemiology, describing the dynamics of infection in a single population [18, 5] . The analysis of infection spread through linked systems of populations such as urban centres is of great importance [20] and attracts considerable interest, in particular for planning the response to emerging pandemic diseases. An excellent review of a huge literature on spatial epidemic models can be found in [15] .
The numerical simulation of spatial systems gives insight into different scenarios of epidemic spread and can be used to help plan actual interventions. However, the inclusion of large numbers (potentially many thousands) of interacting nodes can be costly in terms of integrating the SIR processes, and simplified models (e.g., with the epidemic processes greatly simplified within the nodes) are widely used. For example, during the recent foot and mouth disease outbreak in the UK [9] 'real time' modelling of the spatial spread of the epidemic was performed, on the network of almost all sheep/cattle/pig livestock premises in the country. Following this experience, recommendations were made for the construction, in advance, of well defined and understood quantitative models as part of attempts to prepare for future outbreaks of emerging diseases.
A well-developed simulation technique is based on passing to the continuous media [18, 8, 14, 6, 3] . Usually this limit leads to PDE of the reaction-diffusion type. A well-known feature is the existence of the so-called travelling wave solutions, that preserve speed and shape. Analogous patterns are systematically observed in epidemic data sets [6] . However, situations are possible when the continuous limit is not applicable, although similar patters can occur. Analysis of the discrete nature of spatial interactions is one our work goals.
Many recent publications focus on the spatial aspect, and the propagation of disease (or computer viruses or rumours) in networks with different topology attracts a lot of attention (see review [10] and papers cited therein, in particular, the 'Small World' network [17] ). Usually, these models (i.e. the contact processes) apply a simplified description of the epidemic within a single node (down to the simplest binary model: infected or not). As a step towards including more detailed epidemic dynamics into the nodes of these lattice-type spatial models, it is important to consider a system of locally interacting SIR models and to study their 'global' behaviour.
Here, we consider a network with the simplest topology-a 1D lattice with a large number of interacting nodes. The dynamics within each node is described by a standard SIR model, with additional terms accounting for the interaction between nodes. More precisely, we use an approximation of weak coupling and fast migration to obtain a relatively simple and explicit description of epidemic propagation. Using an approximation of weak coupling, we assume that the interaction is due to migration of a relatively small proportion of the population (including those infective) between nodes, and the interaction is proportional to the small share of time this population spends in the neighbouring nodes. The situation is therefore most applicable when populations are concentrated mainly in their own communities, and the spread of an epidemic has a distinctive time delay caused by a lack of strong mixing in the overall population.
We establish the existence of travelling wave type solutions in such systems, under deterministic and random coupling and determine its speed of propagation. It is shown that in an interesting parameter range it is impossible to approximate the finite differences by derivatives, i.e. to pass to reaction-diffusion equations, and a discrete spatial approach is essential for the analysis.
The paper is organized as follows. In Section 2, the limiting solutions of a single SIR model are introduced. They provide a good approximation for an outbreak triggered by a small number of initial infectives, and provide the base for describing travelling waves in the lattice of SIR nodes in Section 4. In Section 3 the migration model for spread between nodes is discussed, and equations of interacting SIR models are described. In Section 4, travelling waves in a 1D lattice of interacting identical SIR models are investigated. In Section 5, the study is extended for a lattice with random coupling. In Section 6, we study the limits of applicability of the approximation used in analysis, estimate the possible errors and consider the continuous case. Finally, in Section 7, we draw our conclusions, and discuss the possible extensions of the model.
Limiting solution of the SIR model
In the classical SIR model, the numbers of susceptibles S, infectives I and removed (immune/dead due to disease/vaccinated) R evolve in accordance with the equations
where β is the infection rate, α the recovery rate (e.g. [18, 5] ). Adding these equations and integrating the sum, we obtain S + I + R = const = N where N is the population number.
The typical evolutionary problem is to integrate (2.1) if the initial number of infectives I 0 is set at t = t 0 . We write equations (2.1) in the dimensionless form
where s = S/N , i = I/N , are, respectively, the shares of susceptibles and infectives, and τ = αt is the dimensionless time. Here ρ = (β/α) N is called the basic reproduction number usually denoted by R 0 [18, 1, 7] . The differential equation for r can be omitted as r = 1 − s − i. The initial conditions in these variables can be written as
The initial number of infectives grows if ρs 0 > 1 [5] and reaches its maximal value [5] i max = 1 − ρ
at an instant which we denote as τ max . Then the outbreak time can be defined as [5] τ outb := τ max − τ 0 .
In Figure 1a , the solutions i(τ ) are plotted for ρ = 4 and various values of i 0 . Initial instants τ 0 are chosen to achieve the maximum i max at the same instant. Observe that as i 0 decreases, the 
where A 0 and A ∞ are some constants; 
The maximal discrepancy between usual and limiting solutions occurs in the vicinity of maximum of i and approximately equals
To apply approximation (2.9) it is necessary to calculate τ outb for given ρ and i 0 . An integral formula for the outbreak time is
where
This value can be easily obtained by setting di/dτ = 0 in (2.3); substituting (2.11) into (A1) we obtain (2.5). When i 0 → 0, non-decaying asymptotic terms of (2.10) are
where C = C(ρ) is independent of i 0 . The proof, and the integral formula for C(ρ) are given in the Appendix. The constant C is related to the constant A 0 in (2.6)
Interacting SIR processes
Consider the migration process between two interacting identical centres. Then the rate of change of infectives/susceptibles will be determined by migration as well, and additional terms appear in the equations d dτ
where i m→n and s m→n are, respectively, the shares of infectives/susceptibles migrated from node m to node n. Let the population from node 1 migrate between the two nodes, spending a fraction of time ε in the second node. Suppose that at τ = 0, the share i 1 of infectives is concentrated in node 1. Under the assumption that the migration is described by linear equations, the share of infectives at node 2 can be described by the convolution with a response function g(τ ) of a linear system. For the problem in hand, it is convenient to write this convolution in the form
where g(τ ) = 0 if τ < 0 due to the casuality principle. Generally, i 1→2 (τ ) converges exponentially to the equilibrium value εi 1 with the characteristic time ∆τ , for example, from the analogy with a diffusion process it can be
where θ(τ ) is the Heaviside unit-step function.
The approximation of weak coupling considered here means that ε 1. Then i m→n 1 and s m→n 1. If those first infected appear in node 1, then the outbreak develops first in this node. Its infectious individuals migrating to node 2 trigger the outbreak there with a certain delay. A node is sensitive to a small amount of infectives only before the outbreak, becoming almost insensitive during and after it. Therefore, we can neglect transport terms in (3.1)-(3.2) as they do not change the essential epidemic dynamics in node 1. For the approximation of weak coupling, we can also neglect transport terms i 2→1 , s 2→1 in (3.3)-(3.4). The small term s 1→2 in (3.3) also does not impact on the solution of the equation and can be dropped. Thus, in the approximation of weak coupling (ε 1) and when the outbreak is first initiated in node 1, the only essential transport term is i 1→2 in (3.4) which accounts for infectives migrating from node 1 to node 2 and triggering the outbreak there.
Here, we also restrict our consideration to an approximation of fast migration, when the characteristic time of the migration process ∆τ is much smaller than 1/λ 0 , i.e. the characteristic time of the epidemic growth on its linear stage
In this approximation we can write 
Note that the model (3.9)-(3.10) is different from the well-known model of simple epidemics in interacting groups (see [5] , § 2.2) where interaction terms appear without the time derivative. In the fast migration approximation, if the epidemic dynamics are temporarily neglected (spread between individuals and removal are switched off), equations (3.9)-(3.10) imply that i 2 ≡ i 1→2 = εi 1 , i.e. the migration provides the only source of infectives in node 2. Analogous equations can be derived for many interacting nodes with the external forces, (d/dτ )i m→n , n, m = 1, 2, . . . , m = n, proportional to the rate of change of the number of infectives arriving from other nodes coupled with the nth node. They can also describe networks of interacting nodes of different topology (e.g. [10, 17] , etc); although in this work we consider the simplest network topology only.
One-dimensional lattice of SIR models
Consider a lattice of interacting identical SIR nodes. Let the dynamics in the first node (n = 1) be described by (2.2)-(2.3) with initial conditions (2.4), and the dynamics in all subsequent nodes (n = 2, 3, . . .) by (3.9)-(3.10) which, assuming fast migration, take the form . that the time difference T n between outbreaks in the (n−1)th and nth nodes tends to a constant T (ρ, ε) (see Figure 4) . The period of initial growth of T n is more clearly visible in the logarithmical scale (see Figure 4 , curve 2). The solution i n (τ ), s n (τ ) for n 1 almost replicates the solution 100 200 300 400 500 600 700 800 900 1000 2. for linear (curve 1) and logarithmic (curve 2) n-scale. The approximation (4.11) is shown by the dashed line. 
Here the solution of (4.7) has an exponential form i tr = exp{λτ } where the parameter λ is related to the eigenvalue T of the non-linear problem
(4.8)
A general approach described [22, 16] can be applied to find T , and provides the results well supported by numerical evidence. More precisely, in some non-linear systems, the velocity of a travelling wave corresponds to the lowest value taken over a range of wavenumbers for the linearized equation. This should be true for a system in which non-linearity results in slowing down the wave. In fact, the velocity of travelling wave is proportional to the growth rate λ 0 of infinitesimal solution (see below). The higher the wave amplitude i, the smaller is the share of susceptibles s, hence the smaller is the growth rate which is λ = ρs − 1 < λ 0 . Therefore we find the smallest speed of propagation (greatest T ) for the linear solution and compare it with the results of numerical simulation.
Substituting the plane wave solution of the form 
Here W 0 = W 0 (e/ε) is the main branch of the Lambert function, e is Euler's constant. Dependence of λ 0 T on ε is plotted in Figure 6 . The solution has the following expansion for small ε
This converges slowly as an expansion with respect to (ln ln(ε 
(x).
Numerical integration shows that the computed outbreak time difference T n is very close to T max for sufficiently large n but noticeably exceeds it when n = O(10) (see Figure 4) . 
Lattice with randomized interaction coefficients
Finally, we consider a lattice of SIR nodes with the same reproduction numbers ρ for every node but randomized interaction coefficients ε n , i.e the lattice is described by equations
Let all ε n be statistically independent, positive, with the meanε and variance σ 2 ε . We consider the simplest model, with coefficients ε n having the log-normal distribution, i.e. ln ε n have a normal distribution with mean µ and variance σ 2 . Then T n are also normally distributed in the main term of its asymptotic, see (4.12). Valuesε and σ ε can be determined from the following relations (e.g. Assume that in the caseε 1 and σ ε ε all time intervals T n between outbreaks in the (n − 1)th and nth nodes are described by (4.11), i.e.
Assumption (5.5) agrees well with numerical simulation and implies that the mean timeT interval can be calculated via the integral
Here f (ε) is the probability density of the log-normal distribution. The substitution ε = e µ+σx = εe σx−σ 2 /2 in (5.6) gives
Now we expand the integrand into series with respect to σ and integrate it term-by-term. Terms with odd powers of σ vanish after integration. The first two terms approximate (5.7) very well even for σ exceeding unity
(5.8) In numerical simulations for a lattice of 401 nodes, the last 200 outbreak intervals T n were taken for averaging. We performed 50 realizations for every v, thus every mean value T n was averaged by 10 4 independent values. The results are plotted in Figure 8 . Note that the above assumption fits surprisingly well for rather large values of the variance: σ ε >ε.
Limits of applicability for the approximations
Here we apply the general approach developed in ( [22, 16] ) to different modifications of our basic model and compare how these modelling assumptions are reflected in changes to the predicted epidemic speed.
First we consider all the interaction terms between neighbouring lattice nodes
In the linear approximation the equation for i n is independent of s n . The linearized equation (6.2) in the fast migration approximation reads as
Substituting the solution in the form i n (τ ) = e λ(τ −nT )
, we obtain the following characteristic function
We solve equations L(λ, T ) = 0, L λ (λ, T ) = 0 numerically (as they have no solution in a closed form) and compare with the expressions (4.11) above. The results for comparison are given in Table 1 for ε = 10 . Note that an error of neglecting the transport terms is O(ε). This error is mainly related to neglecting (outgoing) transport terms i n→n±1 which decreases the epidemic growth. Thus, the reduced form of equations (4.1)-(4.2) is justified in the approximation of weak coupling. Next we compare the results for the epidemic speed in discrete and continuous spatial models. For this, we introduce the spatial coordinate x instead of n
and, similarly, for s n . Here ∆x is the distance between nodes (later on we set it to unity). Then we can write
Substituting (6.5) into (6.3), neglecting terms O((∆x) 3 ) and setting ∆x = 1, we obtain a linear PDE of the form ∂i ∂τ
Substituting the solution of the form i = e
into (6.6), we obtain the function
Note that the same equation emerges by expanding e ±λT in series with respect to small λT in (6.4). Solving L(λ, T ) = 0, L λ (λ, T ) = 0 we obtain
Note that the asymptotic behaviour of T max for small ε is different: ε
) in (4.12). The results for comparison are also given in Table 1 . We conclude that for ε ≤ 10 −2 the weak coupling approximation gives good accuracy, whereas the error for the continuous model becomes large. If ε approaches 0.1, the continuous approximation gives more accurate result for epidemic speed than the small coupling approximation although the latter still has the reasonable accuracy O(ε).
It worth to mention that if in discrete model we account for the outgoing migration terms (i n→n±1 ) but neglect the incoming migration from a forward node (i n+1→n ) (the characteristic function in this case has the form L(λ,
has an explicit solution expressed via the Lambert function of somewhat different argument
Then the relative errors in T compared to the numerical solution of (6.4) are 10 , respectively. This is the most accurate explicit formula for T . Also based on approach described in [22, 16] , we can estimate the accuracy of the fast migration approximation. The linearized equation in this case takes the form
Here we use the kernel g(τ ) described by (3.6). Substituting i n = e
, we obtain the characteristic function
The results of numerical solutions for L(λ, T ) = 0, L λ (λ, T ) = 0 are plotted in Figure 9 . Observe that for small ε the increment T (ε, ∆τ ) − T (ε, 0) depends slightly on ε (see Figure 9a) . This leads to a smaller relative change of the epidemic speed for small ε (see Figure 9b) . (curve 3).
Discussion
A 1D lattice of interacting SIR epidemic models is considered in the approximation of weak interactions and fast migration. Numerical simulations confirm that over a wide parameter range (ε = 10
, ρ = 2 ÷ 10), the solution tends to an universal one which behaves as a travelling wave preserving its shape and speed. In the framework of this model, a simple explicit formula is obtained for the speed of the epidemic spread in a lattice with either constant or random interaction coefficients. Compared with numerical simulations, the solutions for the randomized case demonstrate surprisingly good accuracy over a wide range of applicability, i.e. when the variance of the coefficient exceeds the square of its mean value. In the weak coupling approximation the developing outbreak in every node of the lattice is well approximated by the limiting solution obtained for a single SIR model.
A similar analysis is performed for the finite characteristic migration time ∆τ , and responses of the form given in (3.5)-(3.6). The qualitative behaviour of the travelling waves remains the same, with the speed reduced compared to the approximation of fast migration. The shape of the travelling wave around the outbreak will presumably remain the same and be well approximated by the limiting solution. The numerical simulation of a lattice with the finite ∆τ and random coupling parameters will be a subject of future work.
Note that the results of this paper can be straightforwardly extended to a response function of form g(τ ) = εθ(τ −δ). We simply add δ n to T n obtained numerically (see Figure 4) or theoretically (see (4.11)), i.e. T δ n = T n + δ n where δ n is the migration delay between the nth and (n+1)th nodes. In the case of a Gaussian distribution of coupling coefficients, the distribution of T δ n remains Gaussian in the main term of the approximation with the mean value of T δ n being the sum ofT (5.8) and the mean of δ n .
In the present work, we concentrate on an asymptotic case when the number of introduced infectives is small compared to the number of cases generated during the outbreak. In the lattice model, this is equivalent to small interaction coefficients (weak coupling approximation). In this approximation, the outbreak time (in a single SIR) and the time between outbreaks in neighbouring nodes are logarithmically large: see (2.12) for a single SIR model and (4.12) for the lattice. The numerical solutions in Section 6 (see Table 1 ) demonstrate that an approximation of finite differences by derivatives, i.e. the models of reaction-diffusion PDEs [18, 8, 14, 6, 3] lead to significant errors in the value of propagation speed, and thus a discrete spatial model is essential for the analysis (cf. [19, 12] ). Clearly, the problem of determining whether the discrete or continuous nature of the phenomena should be considered is rather serious (see discussion in the paper 'The importance of being discrete and spatial' [19] ). In contrast to this paper we do not consider a population of discrete individuals, however we show that the step from continuous media to discreteness in space can itself lead to different predictions as demonstrated here.
Our formulae for the speed and shape of a travelling wave in a lattice of SIR models potentially provides the means to estimate the interaction coefficients between urban populations in relevant ecological databases. One of the key examples from epidemiology, that links an extensive database to an underlying travelling wave model is based on the records of measles outbreaks in and around London since the 1940s [6] . In the case of the measles data however, it was concluded that the outbreaks in large cities were in reality synchronized by strong linkage, endemic status and a shared seasonal forcing term in the contact rates (due to the school year). In contrast, in a lattice of towns and small population centres, travelling waves could persist if there was local extinction of disease in small centres. The outbreaks in these centres will therefore tend to lag behind the epidemic generated in a larger community until the weak coupling between the towns sparks a new outbreak. We note that our derivation of time to the peak of the outbreak can also provide a simple approximation for the fade-out time of the outbreak (e.g., by defining the extinction time when the number of infected individuals is reduced below 1). If travelling waves in epidemiology are caused by an interaction of weak coupling, and local centre extinction, our model provides a useful analytical framework for investigating the underlying mechanisms of observed travelling waves using long term historical records such as certain measles scenarios, and other directly transmitted infections such as the influenza viruses.
The problems addressed here are characterized by different time scales, T , ∆τ and 1/λ 0 . A more delicate use of 'separation of scales' phenomena and backward influence will be exploited in forthcoming papers. We also intend to study other types of deterministic or random coupling and other distributions of random coupling constants.
Although a network of the simplest topology is considered here (intuitively it corresponds to a sequence of towns located along a railway or highway), a more general interpretation of the results is required. A 2D system would clearly fit more closely with the geographical spread of real diseases. From a physical viewpoint, the 1D lattice corresponds to a plane wave approximation, which is standard for a cylindrical wave far from the source. We believe that away from a localized source, a cylindrical epidemic follows more and more the pattern described by the 1D model considered in our work. A more specific description of this phenomena will be a subject of future work.
Although very well studied, the SIR model continues to provide analytical insight into the basic mechanisms of epidemic processes. This basic model cannot represent all the features of real-life phenomena, it is often found that the more complex simulation-type models are used in the case of specific outbreaks and to plan actual interventions. However, there can be concerns over assessing the validity of complex models, that include many nodes, and how the large number of assumptions and parameter values determine the model output [13] . There is therefore a need for continuous development of analytical models of the spatial evolution of epidemics (e.g. [2, 11] ) to provide a theoretical basis for those used in planning scenarios. 
The function f (ξ) vanishes at ξ = 0 and ξ = 1. As the integrand in (A3) grows towards the limits of the integration domain, its boundaries are the main contributors, especially the integration near its lower limit (ξ = i 0 ). Approximating f (ξ) by the second order polynomial which vanishes at ξ = 0, 1 and matches the first derivative f (0), and neglecting non-essential terms at i 0 → 0, we obtain
that gives A 0 ≈ λ 0 in accordance with (2.13) . Comparison between C(ρ) computed numerically and approximated by (A6) is shown in Figure 10 .
